arXiv:1503.03035vl [math.DS] 10 Mar 2015 


TRANSITIVE DENDRITE MAP WITH ZERO 

ENTROPY 

JAKUB BYSZEWSKI, FRYDERYK FALNIOWSKI, 

AND DOMINIK KWIETNIAK 


Abstract. Hoehn and Mouron [Ergod. Th. & Dynam. Sys. 
(2014) 34 , 1897 1913] constructed a map on the universal dendrite 
that is topologically weakly mixing but not mixing. We modify the 
Hoehn-Mouron example to show that there exists a transitive (even 
weakly mixing) dendrite map with zero topological entropy. This 
answers the question of Baldwin [Topology (2001) 40 , 551-569]. 


1. Introduction 

Blokh jl] proved that a transitive map of a connected topological 
graph is either non-invertible and has the relative specification prop¬ 
erty, or is an irrational rotation of the circle. In the former case, a 
transitive map has dense set of periodic points and positive topolog¬ 
ical entropy. There are other connections between transitivity and 
topological entropy for one-dimensional maps (see PI)- This suggests a 
question: what topological conditions force an analogous result? A nat¬ 
ural candidate for the family of continua with similar properties is the 
class of dendrites. Dendrites generalize topological trees and appear in 
dynamics (for example as Julia sets for some complex polynomials [5J 
Thm. 4.2]). It is also known that maps on dendrites share some dynam¬ 
ical properties with graph maps (see, for example, [11121 EOT HUES]). 
In particular, if a dendrite contains a free arc then a transitive map 
necessarily has positive topological entropy (see 0)- 

In [7], Hoehn and Mouron introduced a family of self-maps on the 
Wazewski universal dendrite and showed that among these maps 
there are topologically weakly mixing but not mixing ones. Somewhat 
imprecisely, we say that a map is a Hoehn-Mouron map if it is defined 
following a similar procedure as in |7j. This note contains a proof of 
the following theorem (here we present only the main part of it, for the 
precise statement see p. [2j) : 

Main Theorem (short version). There exists a weakly mixing, not 
mixing, proximal Hoehn-Mouron map f: D u —> D u with zero topologi¬ 
cal entropy. 

Our result gives an affirmative answer to the question of Baldwin 
[3], whether there is a transitive dendrite map with zero entropy. This 
also provides a new example of a transitive map of a dendrite which 
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does not have dense periodic points (because proximality excludes ex¬ 
istence of more than one minimal point and every periodic point is 
minimal). This property of the Hoehn-Mouron example is also noted 
in |Tj. Observe that dendrites have the fixed point property, hence 
every continuous dendrite map has at least one fixed point. An ex¬ 
ample of a transitive dendrite map with only one fixed point and no 
other periodic points is given in [15], but the map constructed there 
has positive topological entropy. 

2. Basic definitions 

We assume the reader is familiar with elementary theory of dynam¬ 
ical systems. 

A dendrite is a compact, pathwise connected, locally connected, non¬ 
separating, and nowhere dense subset of the plane, or equivalently a 
locally connected continuum that contains no simple closed curves. The 
universal dendrite (the Wazewski dendrite, see [131 §10.37, p. 181-185]) 
is a dendrite D u such that each ramification point of D u is of infinite 
order and for each arc A C T u , the set of ramification points of D u 
contained in A is dense in A. Let /: D u —> be a continuous map. 
Given non-empty open sets U,V C D u , define N(U,, V) = {n G N : 
f~ n {U ) DV 7 ^ 0}. We recall that / is transitive if N(U,V) ^ 0 for 
every non-empty open sets U, V C D w . A map / is weakly mixing if 
the product map / x / is transitive. We say that / is mixing if the 
set N(U, V) 7 ^ 0 has finite complement in N for every non-empty open 
sets U, V C D u . Equivalently, / is weakly mixing if N(U,V) is thick 
for all nonempty open sets U,V C X. Recall that a set dcNis thick, 
if it contains arbitrarily long blocks of consecutive integers, that is, for 
every n > 0 there is k G N such that {k, k + 1, ..., k + n — 1} C A. 
An /-invariant closed nonempty set M C D u is minimal if an orbit of 
every point x G M is dense in M. A point x G D u is a minimal point if 
the closure of its orbit is a minimal set. We say that / is proximal if it 
has a unique minimal point. Note that if x G D w is a unique minimal 
point for /, then x is fixed by /. 

3. The main theorem 

Main Theorem. Let D^ denote the Wazewski universal dendrite. 
There exists a set Z C N such that the Hoehn-Mouron map fz '■ D u —$■ 
has the following properties: 

(i) f z is weakly mixing, but not mixing; 

[ii) all transitive points of f z are end points of Du,' 

{in) fz has a unique fixed point o, which is, in fact, a unique min¬ 
imal point of fz (it follows that fz is proximal); 

(iv) fz is uniquely ergodic, with the only fz-invariant Borel proba¬ 
bility measure being the Dirac measure concentrated on o; 


TRANSITIVE DENDRITE MAP WITH ZERO ENTROPY 


3 



Figure 1. An approximation of the Wazewski universal 
dendrite and sub dendrites E 0 ,... ,E 5 . 

( v) fz is Li-Yorke chaotic, but not DC^-chaotic; 

( vi) fz has zero topological entropy. 

Proof. We follow the notation and terminology introduced in [7|. We 
write 

OO 

Du = |^J Ej, where Ei n Ej = {o} for i T j, 

3=0 

and each Ej is a homeomorphic copy of Du- The subdendrites Ej are 
defined on page 7 of [7J. Let Uj = Ej \ {o}, thus Uj is an open subset 
of Du for j = 0,1,.... Example 17 of [Tj proves that given a set Z C N 
fulfilling certain assumptions there is a weakly mixing, but not mixing 
map fz : D u -A D u satisfying 


( 1 ) 

ME,) = E,. u 

for j > 1 , 

( 2 ) 

fz(Eo) C |J 

Ej, for n — 1, 2, 


n+j—l£Z 


It remains to find a set Z such that the map fz exists and has all 
the properties listed in the main theorem. We construct the set Z 
inductively. Let ./Vo = 0 and M 0 = 1. Assume that we have defined 
Nk and Mk > Nk for some K G N. We set Nk+i = ( 2 Mk + 1) • Mk 
and we take Mk +i large enough so that Claims 17.2 and 17.5 of [7] 
are satisfied!]] 

Take 

OO 

Z= !J [Nr, Mk] n N . 

K =1 

Then fz as defined in [7] is weakly mixing but not mixing. 

1 ln the notation of [7], it means that if Z C N is a thick set such that 
[Nk+i,Mk+i] HNc2, then for each 0 < i < K +1 there are some m, n € N such 
that a(s) is defined for each s £ T Su K+\,m and a n {T Su k+i, m) = Tq,k+ i.o- 
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By (J2| for each n E N we have 

fz(Eo)c (J E j7 for n = 1, 2 ,.... 

n+j —leZ 

It follows that 

fz(Uo)C (J Uj U {o}, for n = 1, 2,.... 

n+j— leZ 

But with our Z we know that if IV = M k + 1 for some K E N, then 


/?Xo) c U E u M, 

j=2 M K.M K 

hence 

OO 

fz + \U 0 )c U Uj U {o}, for / = 1 , 2 ,..., 2 Mif • M K — 1 . 

j=2 M K -M K —l 

Therefore for each K E N we have 

(3) f z (Uo ) n Uo = 0 for J = M k + 1,..., [2 M * + l) ■ M K . 

Let x £ Uo and N(x,Uq) = {n G N : /^(x) G t/ 0 }. It follows from Q 
that 


(4) 


Uminf |jV(x,I/o)n{0,l,...,n-l}| 

n—>oo fl 


o. 


if mu 0 ) > 0 for some fz -invariant Borel probability measure //, then 
without loss of generality we can assume that j2 is ergodic and then 
Q would contradict the pointwise ergodic theorem. It follows that 
fi(Uo) = 0 for every fz -invariant Borel probability measure /i. More¬ 
over, we also have /i ( U } ) = 0 for every j E N since 


UjCfz j (U 0 ), for j — 1,2,.... 

(this follows easily from ( 0 )- Hence the Dirac measure concentrated 
on o is the only fz invariant probability measure. By the Variational 
Principle ra, fz has topological entropy zero. The statement con¬ 
cerning Li-Yorke chaos follows from fz being weakly mixing (see 0 ). 
The statement about distributional chaos is a consequence of the fact 
that for each x,y E D u the pair (x, y) is proximal with upper Ba¬ 
nach density one (because the Dirac measure concentrated on o is the 
only fz -invariant probability measure, see HU)- We refer the reader to 
[a ni] for the details and definitions of Li-Yorke and DC 2 -chaos. □ 
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